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Abstract. There is a 14-dimcnsional algebraic curvature tensor which is 
Jacobi-Tsankov (i.e. ■J{x)J^(y) = J^(y)J(x) for all x, y) but which is not 
2-step Jacobi nilpotent (i.e. J^{x)J'{y) 7^ for some x,y); the minimal di- 
mension where this is possible is 14. We determine the group of symmetries 
of this tensor and show that it is geometrically realizable by a wide variety of 
pseudo-Riemannian manifolds which are geodesically complete and have van- 
ishing scalar invariants. Some of the manifolds in the family are symmetric 
spaces. Some are 0-curvature homogeneous but not locally homogeneous. 



1. Introduction 

Let V, TZ, R, and J denote the Levi-Civita connection, the curvature operator, 
the curvature tensor, and the Jacobi operator, respectively, of a pseudo-Riemannian 
manifold M {M,g): 

n{X,Y) = VxVy - VyVx - V[x,y], 
RiX, Y, Z, W) := g{n{X, Y)Z, W), and 
J{x)y := TZ{y,x)x . 

The relationship between algebraic properties of the Jacobi operator and the 
underlying geometry of the manifold has been extensively studied in recent years. 
For example, M is said to be Osserman if the eigenvalues of J7 are constant on 
the pseudo-sphere bundles S^{M,g) of unit spacelike and timelike (— ) tangent 
vectors; we refer to .2, '6 for a further discussion in the pseudo-Riemannian context. 

In this paper, we will focus our attention on a different algebraic property of the 
Jacobi operator. One says M is Jacobi-Tsankov if J{x)J{y) — J{y)J{x) for all 
tangent vectors x, y. One says is 2-step Jacobi nilpotent if J(x)J(vi) = for all 
tangent vectors x, y. The notation is motivated by the work of Tsankov (2. 

It is convenient to work in the algebraic setting. 

Definition 1.1. Let be a finite dimensional vector space. 

(1) A £ ®'^V* is an algebraic curvature tensor if A has the symmetries of the 
curvature tensor: 

(a) A{vi,V2,V3,V4) = -A{v2,Vi,V3,V4) = A{v3,V4,Vi,V2). 

(b) A{vi,V2,V3,V4) + A{V2,V3,V1,V4) + A{v3 , Vi , V2, Vi) ^ 0. 

Let be the set of algebraic curvature tensors on V. 

(2) Tl := {V, {■,■), A) is a 0-model if (•,•) is a non-degenerate inner product 
of signature {p,q) on V and if A G 2l(V^). The associated skew- symmetric 
curvature operator A{x , y) is characterized by 
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{A{x,y)z,w) = A{x,y,z,w), 
and the associated Jacobi operator is given by J{x)y A{y,x)x. 

(3) m is Jacohi-Tsankov if J{x)J{y) ^ J{y)J{x) M x,yeV. 

(4) 9Jl is 2-step Jacobi nilpotent if J{x)J{y) = V x, ?; S F. 

(5) 9J{ is skew-Tsankov if ^(a;i, a;2)-4(x3, 2:4) = ^(^3, a;4)^(a;i, ^2) V G 

(6) 971 is 2-step skew- curvature nilpotent if A{xi, X2)A{x3, x^) = \/ Xi d V . 

(7) 971 is mixed- Tsankov if A(xi,X2)J{x^) = J{x^)A{xi,X2) V x.; G 1/. 

(8) 971 is mixed-nilpotent- Tsankov if ^(xi, a;2) ^'(xs) = J'(a;3)^(a;i, 2:2) = V 
Xi G 

(9) The 0-model of M at P e M is given by 97l(7W,P) := {TpM,gp,Rp). 
(10) We say that is a geometric realization of 971 and that A4 is 0-curvature 

homogeneous with model 971 if for any point P G A/, 97l(A1,P) is isomor- 
phic to 971, i.e. if there exists an isomorphism 8p : TpM ^ V so that 
Q*p{{-, ■)} = gp and so that OpA = i?p. 

The following results relate these concepts in the algebraic setting. They show 
in particular that any Jacobi-Tsankov Riemannian {p = 0) or Lorentzian {p = 1) 
manifold is flat: 

Theorem 1.2. Let 971 := {V, (•, ■),A) be a 0-model. 

(1) Let 971 be either Jacobi-Tsankov or mixed- Tsankov. Then one has that 
J(x)^ ~ 0. Furthermore, if p — or if p = 1, then A — 0. 

(2) //971 is Jacobi-Tsankov and z/dim(V^) < 14, 971 is 2-step Jacobi nilpotent. 

(3) The following conditions are equivalent if 97t is indecomposable: 

(a) 971 is 2-step Jacobi nilpotent. 

(b) 971 is 2-step skew- curvature nilpotent. 

(c) We can decompose V = W (B W for W and W totally isotropic sub- 
spaces of V and for A = A\y © where the tensor A\y G 2l(VF) is 
indecomposable. 

Theorem 11.21 is sharp. There is a 14-dimensional model 97li4 which is Jacobi- 
Tsankov but which is not 2-step Jacobi nilpotent. This example will form the focus 
of our investigations in this paper. It may be defined as follows; it is essentially 
unique up to isomorphism. 

Definition 1.3. Let {ai, a* , Pi^i, Pi^2, Pi.i, ^4,2} be a basis for M^"' for 1 < i < 3. 
Let 97li4 := (K^^, (•, ■),A) be the 0-model where the non-zero components of (•, •} 
and of A are given, up to the usual symmetries, by: 

{a„a*) = (ft,i,A,2) = 1 for 1 < i < 3, 

(/34,1, /54,l) = (/54,2, /34,2} = —5, (/54,li /54,2} = J, 

A{a2:ai,ai, P2.1) = ^("3, "i, "i, /33,i) = 
(l.a) A{a3,a2,a2, 133,2) = ^("i, ^2, ^2, /3i,2) = 1, 

as, as, = A(q!2, as, "3, /32,2) = 1, 
A{ai,a2,a3, Pi^i) = A(ai, 03, 02, /34,i) = 
A(a2,a3,Q;i,/34,2) = A(a2, "i, "3, /34,2) = -5 ■ 
Let t?(97li4) be the group of symmetries of the model: 

^(97li4) - {T G GL(Ri4) : r*{(., ■)} - (•, ■), T*A - A} . 
Let SL±{3) := {A G GL{R^) : det{A) = ±1}. In SectionEl we will establish: 
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Theorem 1.4. Let Tin be as in Definition M.'A 

(1) 9Jli4 is Jacobi-Tsankov of signature (8,6). 

(2) 9Jli4 is neither 2-step Jacobi nilpotent nor skew-Tsankov. 

(3) There is a short exact sequence 1 R^^ C/(9Jli4) SL±{3) 1. 

(4) 9Jli4 is mixed-Tsankov. 

In Section 131 we will show that the model TI14 is geometrically realizable. Thus 
there exist Jacobi-Tsankov manifolds which are not 2-step Jacobi nilpotent. We 
introduce the following notation. 

Definition 1.5. Let {xi,x*,yi,i,yi,2, 2/4,1, 2/4,2} for 1 < i < 3 be coordinates on M^"'. 
Suppose given a collection of functions $ := {(f>i_j} G C°°(M) such that ^0- 2 = 1- 
Let Ai^ := (M}'^,g^) where the non-zero components of 5$ are, up to the usual Z2 
symmetry, given by: 

g*(9xi,(9x*) = 2) 1 for 1 < i < 3, 

3*(^J/4,l ' ^^4,1 ) = 5*(t^a4,2 7 '9j/4,2) — 5* (^1/4, 1 , ^2/4,2) " i, 

ff<i.(9xi,9xi) = -2(?!)2,i(a;2)2/2,i - 2034(2:3)2/3,1, g<i,{dx2,d^^) = xiy4,i, 
g,i,{dx2,dx2) = -203,2(x3)2/3,2 - 2(/)i, 2(2:1)2/1, 2, g<s>{dxi,dx3) = 2:22/4,2, 
^$(5^,3, 9^3) = -20i,i(xi)2/i,i - 2(/)2, 2(3:2)2/2, 2 ■ 
Theorem 1.6. Let := (R^'*,5$) 6e as in Definition ] 1.5[ 

(1) is geodesically complete. 

(2) i^or all P e Ri'^, expp is a diffeomorphism from Tp(Ri'*) to R". 

(3) /las 9Jti4. 

(4) is Jacobi-Tsankov but Ai^ is not 2-step Jacobi nilpotent. 

If we specialize the construction, we can say a bit more. We will establish the 
following result in Section 0] 

Theorem 1.7. Set (/)2, 1(2:2) = (/)2, 2(2^2) = X2 and (/>3, 1(2:3) = 03,2(2^3) = 2:3 in 
Definition \1.5\ Let {(/>i,i, ^1,2} be real analytic with ^(jj'i 2 = 1 OL'^d with <pi j ^ 0. 
Then 

(1) S := {1 — i0i"i(0i i)~^}^ is a local isometry invariant of A4^. 

(2) If (fi'i 1(2:1) ^ be'^^'^ , then S is not locally constant and hence A4^ is not 
locally homogeneous. 

There are symmetric spaces which have model 9Jti4. 

Definition 1.8. Let {2:^, 2:*, 2/i,i, 2/1,2, 2/4, 1, 2/4,2} for 1 < i < 3 be coordinates on 
R^^. Let A :— {oij} be a collection of real constants. Let A4a ■= (R^^,27yi) where 
the non-zero components of gA are given, up to the usual Z2 symmetry, by: 

9A{dxi,dx^) = gA{dy,^i,dy^ 2) = 1 for 1 < i < 3, 
9A{dyi^^,dy^^) ^ gA{dy^ 2idyi.2) = 9A{dy^^-,,dy^ 2) = h 

gA{dxi,dxJ = -2a2, 12:22/2,1 - 2a3, 12:32/3,1, 
gA{dx2,dx2) = -203,22:32/3,2 - 2ai, 22:12/1, 2, 
gAidx^.dxs) = -2ai, 1X12/1,1 -202,22:22/2,2, 
gA{dxi,dx2) = 2(1 - 02,1)2:12/2,1 + 2(1 - 01,2)2:22/1,2 

gA{dx2,dx3) = 2:12/4,1 + 2(1 - 03,2)x22/3,2 + 2(1 - a2,2)x32/2,2, 

5^(9x1 , 9x3) = 2:22/4,2 + 2(1 - 034)xij/34 -j- 2(1 - ai,i)x3yi^i . 
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We will establish the following result in Sectional 

Theorem 1.9. Let A4a be described by Definition IJ.iSl Then A4a has 0-model 
9Jli4. Furthermore Ma is locally symmetric if and only if 

(1) ai,i + a2,2 + 03,103,2 = 2. 

(2) 3a2,i + 3034 + 3ai,2ai,i = 4. 

(3) 3ai,2 + 3a3,2 + 302,102,2 = 4. 

2. The model OT14 

We study the algebraic properties of the model 97li4. Introduce the polarization 

^(2:1, 2:2) : y ^{A{y, xi)x2 + A{y, X2)xi) . 

Let {/?!/} be an enumeration of {f3ij}i<i<4,i<j<2- The following spaces are invari- 
antly defined: 

V/3,a* := Span^.g]ui4{J(Ci)6} = Span{p^,a*}, 
Va' := Span^^gRi4{ J(a) ^(6)6} = Span{a*} . 

Proof of Theorem\r^ We have J{x) = J(x,x) and J{x,y)x = -\j{x)y. If OJl is 
Jacobi-Tsankov, then J{xi,X2)J{x3,xa) = J {x^, X4)J (xi, X2) for all Xi. We may 
show J{xY = by computing: 

= J(x, y)J{x)x = J{x)J{x, y)x = ~\j{x)J{x)y . 

Similarly, suppose that 971 is mixed-Tsankov, i.e. 

A{xi,X2)J{X'i) ^ J{X'i)A(xi,X2) 

for all Xi £ V. We show J{x)^ = in this setting as well by computing: 

= A{x, y)J(x)x = J{x)A{x, y)x = -J{x)J{x)y . 

We have shown that if 9JI is either Jacobi-Tsankov or mixed-Tsankov, then 
J{x)^ = 0. Since the Jacobi operator is nilpotent, {0} is the only eigenvalue of 
J' so 071 is Osserman. If p = 0, then Jix) is diagonalizable. Thus J{x)^ = 
implies J^{x) ~ for all a; so A = 0. If p = 1, then 971 is Osserman so 971 has 
constant sectional curvature 013]; JixY = 0, ^ = 0. This establishes Assertion 
(1). Assertions (2) and (3) of Theorem II . 21 follow from results in !¥. □ 

Proof of Theorem \1.4\ (1,2). It is immediate from the definition that 

J{az)J{a2)ai = J{az)Pi,i = a*i 

so 97li4 is not 2-step Jacobi nilpotent. 

We define /3| ^ and /3| 2 by the relations: {(31 ^,^4^) = 6ij. We then have: 

Pts — ~|/34,1 — ^04,2, (31^2 — ~|/?4,1 — |/34,2 ■ 

Let Aij A{ai, aj). We show that 97li4 is not skew-Tsankov by computing: 
^i2-4i3a3 = Ai2(3i,2 = -0^2, 

^13^2^3 = -5^13{/34,1 - (3I2} = ^13{f/34,l - |/34,2} = ^(^2 ■ 

If ^ e Ri^^ ^-^e-a C Va,a., J{£,)(i<^ C Va- , and = 0. Thus to show 

J{x)J{y) = J{y)J{x) for all x,y, it suffices to show 

J{x)J{y)a^ = J{y)J{x)ai 
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for all x,y,i. Since J{x)J{y)ai € Vq., this can be done by establishing: 

for all x,y,i,j. Since J'{xi,X2)ai £ Va' if either xi or X2 G Vp,a', we may take 
xi — ai and X2 — a.j. Let J'ijk := J{ai, aj)ak- We must show: 

The non-zero components of Jijk — Jjik are: 

i7ll2 = /32,2, J7ll3 = /53^2, J22I = 1/223 = /33,lj 

iTsSl = /^1,2, i7332 = /32,1j J12I = —5/^2,2, J122 = 

JlZl — ~5/33,2j i7l33 = ~\Pl,2, J2a,2 — ^233 = ~\P2,l: 

JlZI — \Ptl - \Pl,2 — /34,2, ^7231 — -5/34,1 + \(^l,2 — Pi,!, 

J123 — i/?4,l + 1^4,2 — ~ /34,2 ■ 

The non-zero inner products are: 

(J1I2, J332) = 1, {Ji12t J2Z3) — {J12I1 J332) ^ {Ji21t J2a,z) = \, 

(J1I37 ^223) = 1) (^113j 1/232) = —57 {JiSIt J223) ^ {J2d,2,JlSl) — \, 

(J22I, J331) = 1; (J22I, i7l33) = — 57 (J122, i733l) = (i/l22, J133) = 3:1 

(i7l23 7 1^123) = *j (Ji23j J132) = |, (J1237 J231) 57 (i/l32 7 «/l32) = *7 

(J1327 1/231) = 3:7 (J23I7 /231) = * ■ 

The desired symmetries are now immediate: 

(J1127 1/233) = ^5 = (1711371/232)7 (1/12311/132) ^ j~ (1/12271/133)7 
(1/1217 1/332) = — ^ = (1/12271/331)7 (1/12371/231) = i = (1/12171/233)7 
(1/1317 1/223) = ^5 = (1/1337 1/221)7 (1/1327 1/231) = g: = (1/1317 1/232) • □ 

Proof of Theorem \1.4\ (3,4)- Let Q = C?(9Jli4) be the group of symmetries of the 
model 9Ki4. Note that the spaces V^,a- and Vq. are preserved by G, i-e. 

(2.a) TFa. C and rt/^,„. C Vp^a-- if T e ^ . 

Let T : G/(3) be the restriction of T to T/^^. M^. We wiU prove Theorem [Tl 
(3) by showing: 

SL±{3) = T{g) and ker(T) = R^^ . 

We argue as follows to show SL±{3) C t{Q). Let /34_3 := —^4,1 — f34,2- One may 
interchange the first two coordinates by setting: 

T : «! <-> a2, T : ^ as, T : a* ^ q;2, T : ^ 013, 
T : Pi ^1 ^ 132,2, /: ^1,2^^2,17 ^ : /33,i ^ /33^27 ^ : /344 ^ /34,2 ■ 

One may interchange the first and third coordinates by setting: 



T 
T 
T 



ai ^ a3, T : q;2 ^ 0:27 T : a* ^ a^, T : a2 ^ a2 



2, 



^1,1^^3,1, / : /3i,2 ^ ^3,2, / : /32,i ^ /32,27 ^ : /34,i ^ /54_3, 

/?4,2 ^ /34,2 • 
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To form a rotation in the first two coordinates, wc set 





: ai 


cos 6'a 1 + sin ^?a2, 


: a2 - 


— sin 6'ai + cos 9a2 , 


Te 




cos + sin , Te 


■ Q*2 - 


-> — sin 9al + cos ^a2, 


Te 


■ as 


"3, Te 


■ Oil - 




Te 


■ —>■ cos^/3i,i + sin^/32,2, Tq 


:/3i,2 


— *■ cos^/3i,2 +sin^/32,i, 


Te 


■■ /32,1 - 


■> -sin6i/3i,2 + cos6'/32,i, 


:/32,2 


— > — sin^/3i_i + cos^/32,2 


Te : 


/33,1 ^ 


sin^ 61/33,2 - 2 sin 6* cos 6'/34,3 + 


cos^ 


^?/33,l, 


Te : 


A3,2 


cos^ 6(33,2 + 2 cos 6* sin 6'/34,3 4 


- sin^ 


^/33,1, 


Te : 


/34,1 ^ 


i sin(?cos(?/33,2 — ^ sin6'cos6'/33_i 


- sin^ 6'/34,2 + cos^ 6'/34,i, 


Te : 


/34.2^ 


i sin 6 cos (?/?3.2 ^ 5 sin cos 6 


/33,i- 


f cos^ 0/34,2 - sin^ 0(34.1 ■ 



Finally, we show that the dilatations of determinant 1 belong to Range{r}. Suppose 
aia2a3 = 1. We set 

Tai=aiai, Ta2=a2CX2, Tas = 0303, Ta\ = -^al, 
Ta*2 = ^a*2, Tal = }-al, t/3i,i = f|/3i,i, m,2 = ft/?i,2, 

m,l = ff/32,l, T/32,2 = ^/32,2, T/33,1 = f^/33,1, m,2 = fJ/?3,2, 
^/?4,1 = /?4,1, 2^/34,2 = /34,2 • 

Since these elements acting on Va' generate SL±{i), 5'i±(3) C t{Q). Conversely, 
let Teg. We must show t{T) e SL±{^). As SL±{^) c Range(T), there exists 
5 G ^ so that t{TS) is diagonal. Thus without loss of generality, we may assume 
r(T) is diagonal and hence: 

Tai = aiai + E>r/3. + E,cia*, m = 6,/3, + Ta* = ar^a*. 

The relations 

-i = A{Tai,Ta2,Ta-3,T (3i^i) = -^01020364,1, 
— 5 — (T/34,1, r/34,1} = —^64464,1 

show that 64 1 = 1 and thus 010203 = ±1. Thus Range(r) = SL±{i). 

We complete the proof of Assertion (3) by studying ker(r). If one has T e ker(T), 
then 

Tai = + &r/?- + Ej c^a; , m = + Ei > ^^a? = "1 • 

Using the relations ^(a^, a^, a^, a^) = then leads to the following 6 linear equa- 
tions the coefficients fej' must satisiy: 

= A{Ta2,Tai,Tai,Ta2) 

= 2A(62'^/32a,ai,ai,Q;2) + 2A(6}'^/3i,2,Q!2,Q!2,ai) = 262'^ + 26i'^, 
= A{Ta3, Tax, Tax, Ta^) 

= 2A(6|'/33,i, ai, ai, ag) + 2A(6i''/3i,i, ag, ag, ai) = 2bl'^ + 2bl'\ 
= A{Ta3,Ta2,Ta2,Ta3) 



2A(6^''/33,2, a2, a2, 03) + 2^(6^'^/32,2, ^3, as, 02) = 26^'" + 26: 



2 > 
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= A{Ta2j Tai^Tai, Taa) 
= ^(^2' Vs.i, ai, «!, as) + ^("2, ai, ai, 63 ^2,1) 
+A(a2, 6t'V4,i + &l'^/34,2, ai, as) + A{a2, ai,b\'^ (3a,i + &l'^/34,2, as) 

,S,1 , .2,1 1l4,1 1 1,4,1 , 17,4,2 
= ^2 +h - 2^1 - 2^ + 2^ ' 

= A{Tai,Ta2^Ta2, Ta^) 
= A(&^'^/33,2, a2, a2, a3) + A(ai, 02, a2, 63 ^/3i,2) 

+A(ai, 62'V4,i + &2'^/34,2, a2, a3) + A(ai, 02, 62'"^/34,i + &2'^/34,2, as) 

j,s,2 I ,1,2 1,4,2 , 1,4,1 1,4,2 
= W + h - 2^2 + 2^2 - 2^2 > 

= A{Tai,Ta^, Ta^, Ta2) 

A(6^'^/32,2, a3, as, 02) + 03, as, 62'Vi,i) 

+yl(Q!i,63'^/34,i + 63'^/34,2,a3,a2) + A(ai, 03, 63'^/34,i + 63'^/34,2, a2) 
,2,2 , ,1,1 , 1,4.2 , 1,4.1 

= +62' + 2&3 + 2^3 ■ 

These equations are linearly independent so there are 18 degrees of freedom in 
choosing the 6's. Once the 6's are known, the coefficients are determined; 

The relation (Tai,Taj) — Sij implies + = 0; this creates an additional 3 
degrees of freedom. Thus ker(r) is isomorphic to the additive group R^^. 

Let 6 e V. Since 7^(a,6)J(6) = Jfe)7e(a,C2) = if any of the G "t^/3,a., 
we may work modulo Vg^Q* and suppose that S Spanjai}. Since 7^(^i,C2) = if 
the are linearly dependent, we suppose ^1 and ^2 are linearly independent. 

There are 2 cases to be considered. We first suppose ^3 G Span{^i,^2}- The 
argument given above shows that a subgroup of Q isomorphic to SL±{3) acts 
Spanjai}. Thus we may suppose Span{^i,^2} = Span{ai,a2} and that ^3 = ai. 
Since -4(^i,^2) = c^(ai,a2), we may also assume ^1 = ai and ^2 = a2. Let 
Aij :— A{ai,ai) and Jk J{o-k)- We establish the desired result by computing: 

^12 Jiai = 0, Ji^i2ai = - Ji/32,2 = 0, 

^12 Jia2 = Ai2l32.2 = 0, Ji^i2a2 = JiPia = 0, 

^12 Jiaa = A2/33,2 = 0, Ji^i2a3 = ^M-Pli + PI2) = . 

On the other hand, if {Ci, ^2, Cs} are linearly independent, we can apply a symmetry 
in Q and rescale to assume £,i = a.^. We complete the proof of Theorem 11.41 bv 
computing: 

^12 Jsai = A2/3i,2 = -a2, JsA2ai = -Js/32,2 = -aa, 

^i2Jsa2 = A2/32,i = a*, J3A2a2 = JsPi,! = al, 

^1,2 Jsas = 0, JsA,2a3 = ^Jsi-Pli + PI2) = . □ 

Remark 2.1. If {61,62} is an oriented orthonormal basis for a non-degenerate 2- 
planeTT, one may define 7?.(7r) := 7?.(ei, 62) and one may define t7(7r) :— (61,61)1/(61)- 
(e2, 62)^7(62). These operators are independent of the particular orthonormal basis 
chosen. Stanilov and Videv IH! have shown that if is a 4-dimensional Riemann- 
ian manifold, then TZ{tt)J{tt) — J'{tt)TZ{tt) for all oriented 2-planes tt if and only if 
A4 is Einstein. Assertion (4) of Theorem II .41 shows 9Jli4 has this property. 
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3. A GEOMETRIC REALIZATION OF 971 

We begin the proof of Theorem II . 61 with a general construction: 

Definition 3.1. Let {xi,x* ,yi^i} be coordinates on ]R^°+'' where 1 < i < a and 
1 < fi < b. We suppose given a non-degenerate symmetric matrix C^^j/ and smooth 
functions ipijfi = "(pijfj. (x) with ipijfx = ipjifj. • Consider the pseudo-Riemannian man- 
ifold Mci, where: 

Lemma 3.2. Let Mc,4, = i^'^"'^'' , 9c,i>) be as in Definition V:i.l\ Then 

(1) A^c.i/i is geodesically complete. 

(2) For all P G M^a+b^ g^p^ is a diffeomorphism from Tp{M?''+'') to . 

(3) The possibly non-zero components of the curvature tensor are, up to the 
usual Z2 symmetries given by: 

+ Si/ Ui^ {dxidx^Tpjli, + dxjdxiTpikiy ~ dx,dx,^]ku - dx^dx^lpiliy} ■ 

Proof. The non-zero Christoffel symbols of the first kind are given by: 

gC^d^^dxj^dxJ = Ep{^2;.^jfeM + dxjipzkf, - dx^i^tjf^jy^, 
9{^d^^dx,,dy,^) = -^ijv, 
5(Va,^ dy^ ,dxj^ 5(Va„„ dx, ,dxj^ Aku , 
and the non-zero Christoffel symbols of the second kind are given by: 

"^a^Mx, = yt^{dx,iJjkt. + dx^iJtk,, - dx^ipijf^jdxi - Y.^^ C'^^ijydy^, 

^d^.dy^ = ^dy^dx, = Y.ki'lkudxl ■ 

This shows that is a generalized plane wave manifold; Assertions (1) and (2) 
then follow from results in [7j- Assertion (3) now follows by a direct calculation. □ 

Proof of Theorem \l.b\ (l)-(3) Assertions (1) and (2) of Theorem 11.61 follow by 
specializing the corresponding results of Lemma l3.2l We use Assertion (3) of Lemma 
13.21 to see that the possibly non-zero components of the curvature tensor defined 
by the metric of Definition 1 1 . 51 are : 

R{dx,^ , dx,.^ , dx,^ , dx,^ ) = 

R{dxi,dx2,dy2-^,dxi) = dx24'2,i, R{dxi,dx3,dy^-^,dxi) = dx^cj^z.i, 
R{dx2,dx3,dy3 2:9x2) = dx34'3,2, R{dx2,dxi,dy^ 2:^x2) = dxi4>i.2, 
R{dx3,dxi,dy^ -^^,8x3) — dxi(t>is, R{dx3,dx2,dy2 2,8x3) ~ dx24>2,2, 
R{dx2 ,9x1, dy^^ , dx3 ) — R{dx3 , dxi, dy^^ , dx2 ) — ~ 2 ' 

R{dxi 1 dx2 J 9yi,2 ; ^X3 ) = ^{^X3 : dx2 5 (^yi,2 I ) ~ ~2^ 

We introduce the following basis as a first step in the proof of Assertion (3). Let 
the index i range from 1 to 3 and the index j run from 1 to 2. Set: 

(3.a) a, := dx,, a* := dx-, P4,j dy^ ., (3ij := {(t)ij}'^dy, . . 
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Since fpi i ■ (f>i 2 = the relations of Equation Hl.a|l are satisfied. However, we still 
have the following potentially non-zero terms to deal with: 

g{ai,aj)=-k and R{ai,aj,ak,ai) — . 

To deal with the extra curvature terms, we introduce a modified basis setting: 



(3.b) 



ai :: 


- ai + 


R{ai,a2,a3,ai)hi - a2, a2, 0:1)^1,2, 


a2 '■- 


- a2 + 


i?(a2,ai,a3,a2)/34,2 - 5-^(0:2, as, as, 0:2)^2,2, 


as :: 


= as - 


2i?(a3, ai, a2, a3)/34,i - |-R(ai, 0:3, as, ai)/33,i 




■=(3i,i 


+ ^R{ai,d2,a2,di)al, Pi,2 ■= (3i,2 


(32,1 


■■= hi 


+ ii?(a2, 0:3, 03, 0:2)02, /32,2 := /32,2, 


133,2 


■■= h2 


+ 5i?(ai, 0:3, 03, 01)03, (33,1 ■= (33,1, 


(3i,i 


■■= hi 


+ ii?(ai,a2,a3,ai)oJ - ii?(a2, Oi, 03, 02)a2 






-i?(03, 01,02, 03)03, 


(34,2 


■■= h2 


— ii?(ai, 02, as, ai)oi + 5^(a2, oi, 03, a2)a2 



+ ii?(a3, 01,02, 03)03 • 

All the normalizations of Equation Hl.a|l are satisfied except for the unwanted metric 
terms 5(0^, dj). To eliminate these terms and to exhibit a basis with the required 
normalizations, we set: 

(3.c) Oj := Oj - i J2j 5(ai, aj)o* . □ 



4. IsoMETRY Invariants 



We now turn to the task of constructing invariants. 

Lemma 4.1. Adopt the assumptions of Theorem \l .T\ Let {oi,/3y,o*} he defined 
by Equations f5'.a|) - f5'.c|) . Set (f>i := (f>[ i and (j)2 '■— 2- 

(1) Vi?(ui, V2, fs, W4; W5) = if at least one of the Vi £ Vq,. . 

(2) Vi?(ui, V2,V3,Vii;vQ) — if at least two of the vi G Vp^a* . 

(3) V''i?(ai,a2,02,/5i^2;ai, ...,oi) = cj)'^'^ 

(4) V''i?(ai,a3,03,/3i,i;ai, ...,oi) (j)'^'^4>{\ 

(5) Vi?(oi, Oj, Ofc, /3;y; o/j^ , o/j.) — Q in cases other than those given in (3) 
and (4) up to the usual Z2 symmetry in the first 2 entries. 

Proof. Let be coordinate vector fields. To prove Assertion (1), we suppose some 
Vi € Va' . We may use the second Bianchi identity and the other curvature sym- 
metries to assume without loss of generality vi € Va*. Since Vu^fi = and since 
R{vi, •, •, •) = 0, Assertion (1) follows. The proof of the second assertion is similar 
and uses the fact that R{-, ■, ■, ■) = if 2-entries belong to Vp,a*. The proof of the 
remaining assertions is similar and uses the particular form of the warping functions 
the factor of (jj^j arising from the normalization in Equation l|3.a|l . □ 

Definition 4.2. We say that a basis B := {oi,/3,y,a*} is 0-normalized if the nor- 
malizations of Equation |j.a|) are satisfied and 1-normalized if it is 0-normalized 
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and if additionally 

VR{ai, as, as, Pix, ai) = - Vi?(a3, ai, 03, /3i,i; ai) ^ 0, 
VR{ai,a2,a2,f3iX,ai) = -VR{a2,ai,a2, (3i,2]ai) ^ 0, 
R(ai,aj,a}^,l5v;ai) = otherwise. 

Lemma 4.3. Adopt the assumptions of Theorem \l//\ Then: 

(1) There exists a 1-normalized basis. 

(2) If B is a 1-normalized basis, then there exist constants ai so 010203 — s for 
£ = ±1 and so that exactly one of the following conditions holds: 

(a) ai — aiai, 02 — 0202, — 0303, 
A4=eft/3ia. /3i,2 = £ft/3i,2. 

(b) ai = aiai, a2 = osas, 013 = a2a2, 
hi=e%piX /3i,2=£ff/3i,i- 

Proof. We use Equations H3.a|l . Ij3.b|) . and (|3.c() to construct a 0- normalized basis 
and then apply Lemma l4.1l to see this basis is 1-normalized. On the other hand, if 
B is a 1-normalized basis, we may expand: 

ai — fliiai -f- ai2Q;2 + aisas + 

a2 = a2iai + 0220:2 + 02303 + Pi,2 — ^21/^1,1 + &22/3i,2 + •■• 
03 = 03101 -I- 032O2 -t- 033O3 -I- /3i,i = bii(3i,i + 6i2/3i,2 + ••■ • 

Because 

^ VR{ai,a2,a2,(3ixai) 

= On {(011022 - 012021)022^22)0^^2 

+ (011O33 - Oi3O3i)o3362l)0rV'l} , 

we have on ^ 0. Because 

= Vi?(Q;i,Q;2,02,/3i,2;a2) = ff7Vi?(ai,a2,a2,/3i,2;ai), 

we have 021 = 0; similarly 031 = 0. Since Spanjoi} — Spanjai} mod Vp^a*, 

022O33 - 023032 ^ . 

By hypothesis i?(Q;i, Q!2, 03, /?; ai) = if /3 G Span{/3^, ci*} = V^,q* so 

= R{ai,a2,a3,(3ixai) = a\^a22a32(t>2^(t>'2, 

= i?(ai,a2,a3,^i,i;ai) = aii023033(/)j'Vi • 

Suppose that 022 7^ 0. Since 0^022032 — and on ^ 0, 032 = 0. Since 
022033 — 023032 7^ 0, 033 ^ 0. Since 011023033 = 0, we also have 023 = 0. Since 
the basis is also 0-normalized, diag{a^^ , 0^2^, a'^^) G SL±{3) from the discussion in 
Section|21 Thus e :— 011O22O33 = ±1, 611 = e—, and 622 — £—■ These are the 

(122 ^^33 

relations of Assertion (2a). The argument is similar if 032 7^ 0; we simply reverse 
the roles of 02 and 03 to establish the relations of Assertion (2b). □ 

Proof of Theorem \l.T\ Let 
E{B) := 



1 I V^j?(Qi,a2,Q2,/3l,2;Q:i,Ol) _ V^i^(ai, O3, «3, ^i,i; Ol, Ol) \ 

4 I {Vi?(ai,a2,Q:2,/3i,2;ai)}2 {Vi?(Q!i, 03, a3, ^1,1; ai)}^ J 
We apply Lemma Suppose the conditions of Assertion (2a) hold. Then: 
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Vi?(ai,a2,a2,/3i,2;ai) = ai(?!>2 V27 
V2i?(ai,a2,a2,/3i,2;Q:i,ai) = af<?;>2'V2; 



V'l, 



Vi?(ai,a3,a3,/3i,i;ai) = ai^^ 
V^i?(ai,a3,a3,/3i,i;di,ai) = affj)^ ^j^^, 

1 



•292 VlVl 



4 1^ V^2V'2 VlH'l 

The roles of 9^1 and </>2 are reversed if Assertion (2b) holds. It now follows that S is 
a local isometry invariant. Since 02 = (^r^; <^2 = "^r^*^!' 't'2 = 20J''^(?!>i0'i — , 
we may establish Assertion (1) of Theorem 1 1 . 71 bv computing 

(P2<i^'i _ </)rH20r'<^'i0'i - <^i^<^'i) _ ^ (kict>'i 



^^2 ^iWl^'l ^Wl 



Consequently 



S=i<!2-2- 



V'lV^l 

If 7W$ is locally homogeneous, then S must be constant. Conversely, if S is 
constant, then 010" = fc0i0'i for some A: £ M. The solutions to this ordinary 
differential equation take the form 0i(i) = a{t + hY \i k ^ 1 and 0i(i) — ae''* if 
A; = 1 for suitably chosen constants a and b and for c = c(fc). The first family is 
ruled out as 0i and <j)'i must be invertible for all t. Thus 0i(t) is a pure exponential; 
Assertion (2) of Theorem 11.71 follows . □ 

5. A SYMMETRIC SPACE WITH MODEL OT14 

We give the proof of Theorem II. 91 as follows. Let M.a be as described in Defini- 
tion By Lemma [3.21 one has that: 

Ridx2,dxi,dxi,dy2 = R{dx3,dxj^,dxi,dy^ = 1, 

R{dx3T dx2 1 dx2 : dy^ ^) — R{dxi : T dx2: dyj^ ^) ~ Ij 

R{dxi,dx3,dx3,dy^ ^ R{dx2,dx3,dx3,dy2 2) = 1, 

R{^xi : dx2 : ^x^-j dy^^i) — R{^xi -j ^xs ^ 9x2 i ^Va^i) ~ 2' 

R{9x2J 9x3 , dxi , dy4 2) — R{9x2 7 (^Xn dxi, dy^ 2) — 2' 

The same argument constructing a 0-normalized basis which was given in the 
proof of Theorem 11.41 can then be used to construct a 0-normalized basis in this 
setting and establish that Ma has 0-model dJli^. 

We can also apply Lemma [3.21 to see: 

R{dxi,9x2,dx2idxi) — —03,10^3,23^3, 

R{dxi,dxs,dxs,dxi) = -|(2 + 802, 102, 2)2;!, 
R{dx3,dx2,dx2,dx3) = -^(2 + 3ai,iai,2)a;i, 
R{dx2,dxi,dxiidx3) = (1 - ai,i - ai,2 + ai,iai,2 + a2,i 
-a2, 102,2 + 03,1 - a3,ia3,2)a:^2a;3, 

R{dxi,dx2,dx2,dx3) = (1 + ai,2 - ^2,1 - 01401,2 - 02,2 
+02,102,2 + 03,2 - a3,ia3,2)a;ia;3, 

R{dxi, dx3, dx3, 8x2) = (| + oi,i — ai,iai,2 -I- 02,2 
-02,102,2 - 03,1 - 03,2 + 03,103,2)^1X2. 
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The Christoffel symbols describing Vd^.dxj are given by: 

Va^^5:ri = (2 - 024)2/2, i9x* + {2 - az,i)v'i,idxi +a2,iX2dy^ ^ 

^9x2 (2 - ai. 2)2/1, 2<9a;* + (2 - as, 2)2/3, 29x* + ai,2a;i9yi,i 

+03,22:39^3.1: 

^0x3^^x3 = (2 - ai,i)j/i,i<9x* + (2 - a2^2)V2,2dxi + 02,22:29^2,1 
+ai,ia:i9;^i 2: 

^0x1 9x2 = -a2,i2/2,i9xj - ai,2j/i,29x- + ^^^^^S^j 
+ (ai,2 - 1)2:29^1 1 + (02,1 - I)2:i9y2 2: 

VSxi^xa = -a3,i?/3,i9x* + ^^'^~2^''^ dxi - ai.\y\,\dxi 

+ (ai,i - 1)2:39^1 2 + (03,1 - 1)2:19^3 2 + ^9;^4.i + ^9y^,2> 

^0x2 9x3 = _ a3,2y3,29x* - a2,22/2,29x* 

+ (02,2 - l)2:39j;2,i + (03,2 - 1)2:29^3 , + ^dy^ ^ + ^9y, 2- 
It is now easy to show that the non-zero components of Vi? are: 

Vi?(9xi,9x2,9x2,9xi;9x3) = -2(-2 + ai4 +02,2 + a3, 103, 2)2:3, 

Vi?(9xi , 9x3, 9x3, 9x1 ; 9x2) = ^§(^4 + 3ai,2 + 803,2 + 302,102,2)2:2, 

Vi?(9x2,9x3,9x3,9x2;9xi) -|(-4 + 3a2,i + 803,1 +801,101,2)2:1, 

Vi?(9x2, 9x1, 9x1, 9x3; 9x2) = (2 - 01,1 - 01,2 + 02,1 - 02,2 

+03,1 - 03,2 + oi,ioi,2 - 02,102,2 - 03,103,2)2:3, 

Vi?(9x2,9xi,9xi,9x3;9x3) = (2 - oi,i -01,2 + 02,1 -02,2 

+03,1 - 03,2 + oi,ioi,2 - 02,102,2 - 03,103,2)2:2, 

Vi?(9xi , 9x2 : 9x2 , 9x3 ; 9x1 ) = (2 - 01,1 + °^i,2 - 02,1 - 02,2 

-03,1 + 03,2 - Oi,iOi,2 + 02,102,2 - 03,103,2)2:3, 

Vi?(9xi , 9x2 ; 9x2 , 9x3 ; 9x3 ) = (2 - 01,1 + ^1.2 ^ 02,1 - 02,2 

-03,1 + 03,2 - Oi,iOi,2 + 02,102,2 - 03,103,2)2:1, 

Vi?(9xi,9x3,9x3,9x2;9xi) = (| + oi,i - 01,2 - 02,1 + 02,2 

-03,1 - 03,2 - 01,101,2 - 02,102,2 + 03,103,2)2:2, 

Vi?(9xi,9x3,9x3,9x2;9x2) = (| + ai,i - ^1,2 - 02,1 + 02,2 

-03,1 - 03,2 - 01,101,2 - 02,102,2 + 03,103,2)2:1. 

We set Vi? = to obtain the desired equations of Theorem ll.9l the first 3 equations 
generate the last 6. □ 
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